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Abstract 

An extension of the Connes-Lott model is proposed. It is also within the 
framework of the A. Connes construction based on a generalized Dirac-Yukawa 
operator and the K-cycle {H,D), with H a fermionic Hilbert space. The basic 
algebra A which may be considered as representing the non-commutative ex- 
tension, plays a less important role in our approach. This allows a new class of 
natural extensions. The proposed extension lies in a sense between the Connes- 
Lott and the Marseille-Mainz model. It leads exactly to the standard model of 
electroweak interactions. 
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1. In this paper we present an extension of the model developed by A. Connes and 
J. Lott [1-3]. In some sense the proposed extension lies between the Connes-Lott model 
and the Marseille-Mainz model [4-7] within the noncommutative geometry approach 
to the standard model in elementary particle physics. 

One of the motivations for the proposed generalisation is to avoid some peculiar features 
of the Connes-Lott model (CL model). These include the presence of a 7^ matrix in 
Yukawa couplings, unusual in the standard model, the assignment of the fermionic 
additive quantum numbers and the absence of spontaneous symmetry breaking for 
one generation of fermions. In addition, we propose an alternative construction whose 
spirit is close to the one of Connes' and Lott's construction but avoids some of their 
predictions [^ which may be in contradiction with experiment. Finally we stress the 
role of the basic associative algebra A in the CL model and its phenomenological 
implications. 

The following observation may be considered as the physical motivation for the ap- 
proach based on noncommutative geometry. As for the electromagnetic interactions 
the photon related to the Abelian group U{1) leads to the Minkowski space-time, the 
electroweak interactions, and especially the W and Z particles which are connected with 
a noncommutative group SU{2) x U{1), may lead to a space-time where noncommuta- 
tive geometry plays an important role. One of the main virtues of the noncommutative 
geometry approach is the explanation for the spontaneous symmetry breaking and the 
Higgs effect in the standard model. 

A common aspect of the above models, inspired by noncommutative geometry, is the 
construction and importance of a certain graded differential (or derivative) algebra 
fl* which may be considered as "noncommutative" generalisation of the de Rham 
algebra A*{X) of differential forms over space-time X, and which is the space where 
the gauge potential A lives. The models differ from each other in the choice of the 
specific graded differential (or derivative) algebra Q* they use for the construction of 
the gauge potential (super-connection) A and field strength (super-curvature) F. This 
leads to somewhat different versions of the standard model in the two cases. There 
is indeed such a difference between the Marseille-Mainz model (MM model) and the 
CL model: The MM model leads exactly to the standard model with spontaneous 
symmetry breaking and to the Higgs potential, and gives a natural framework for the 
discussion of the CKM matrix |Q but it does not determine any of its parameters. 
The reason for this is explained and discussed in [Q. The CL model, which contains 
more structure, seems to lead not exactly to the standard model but to a variation 
of it. This follows from the fact that, with one generation only, this model shows no 
spontaneous symmetry breaking. It is not clear whether the presence of 7^ in the Higgs 
sector leads to some unusual coupling. The quantum numbers of fermions are not from 
the beginning equivalent to those of the standard model unless an additional Poincare 
duality assumption enters the construction |0, ||, |lOl. The results of f^, |^ may suggest 
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that it is at least questionnable whether the CL model can fix some parameters of the 
standard model ||, |10|], even at the classical level. In what follows, we first give a brief 
review of the CL and the MM model (section 2 and section 3), and then proceed with 
the proposed extension of the CL model (sections 4, 5 and 6). 



2. Since we would like to extend the CL model, it is necessary to first review some of 
its aspects. Here this is formulated in much simpler terms than in the original version 
0, This is possible by exploring the mathematical results of [jlT|. This was 



also demonstrated in [0| with a toy model. Here we use for the first time the new 
formulation in the realistic case. In addition, we discuss the role of the basic algebra 
A which constitutes the most essential difference between the CL and the MM models, 
and which is also the starting point for the proposed generalisation. 



We essentially follow the lines of [0] and but choose the associative algebra to be 

A = Aj^^C^iX) 



with 



Ah 



e©c 



instead of Am = C © C in . IH represents the quaternionic numbers and C°°(X) 
the smooth functions on the space-time X. This algebra leads to a standard model 
like version. 



Given the associative algebra A, one considers first its universal differential envelope 
{fl*{A),6), which is generated by the formal elements ("words") Ao6Ai . . . 6An G 
fi"(^) and the operator S obeying the Leibniz rule 5{AB) = {SA)B + A(5B). By 
means of a K-cycle (Dirac-Kasparov cycle) {H, D) over A, consisting of a Hilbert 
space H, a Dirac- Yukawa operator D on H, and a representation of A on H, the as- 
sociative algebra Q*{A) is represented on the space L{H) of bounded linear operators 
over H by 

TT : n*{A)^L{H),Ao6A,---6An-^Ao[D,A^]---[D,An]. 

The Dirac- Yukawa operator has the form 

D = ird,, + D,, , D,, = r, (1) 

with T] a matrix as specified below (see eq. (|D). Dm may be understood to be a 
fermionic mass matrix. Note that such an interpretation was not made in the MM ap- 
proach because it is unnecessary in that framework. In the original version of Connes' 
and Lott's construction, the gauge potential and the field strength were taken to be ele- 
ments of 'n'{Q*{A)). Since the representation vr fails to respect the differential structure 
of Q*{A), this leads to the appearance of auxiliary or adynamic fields (fields with- 
out kinetic energy) in the Lagrangian which have to be eliminated by minimization 
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|T|, 0, |T3|, [T^. At this stage a direct comparison with other approaches, such as the 
MM model, is not possible. In the more recent version of the CL model given in 
and later in [Q, one considers in addition the space fl*^{A), obtained from Q*{A) by 
dividing out the ideals J^{A) = JC + 6)C'^~^, where K.^ := kervr fl fl'': 



n>'^(A) = n\A)/j\A) 



or equivalently 



O^(^) = 7r{Q\A)) / 7t{J\A)) 



(2) 



In contrast to 'n-{Q*{A)), the space f2^(.4) is an IM-graded differential algebra (hke the 
universal object Q*{A)). Therefore fi*[,{A) is the space which should be compared to 
the space in the MM model (see below). The multiplication law is defined by 

the ordinary multiplication in L{H) and by taking the quotient. We denote it by the 
symbol Q-p. Similarly the differential on Q*^{A) is defined by means of commutators 
with the Dirac- Yukawa operator and by taking the quotient as above. The structure 
of this algebra may therefore be summarized as follows: 



The explicit construction of the space il*jj{A) was given in [^. Since this result is 
particularly important for the treatment below, we would like to give a short discussion 
of it 5 In the case where basic algebra is of the form A = Am ® C°°{X) with Aj^ a 
block diagonal matrix algebra, the differential algebra 

inUA),&r,,dn) (3) 

is isomorphic to the skew tensor product of the de Rham algebra {A*{X),dc) and a 
specific (quotient space) matrix differential algebra fj,* which is IN-graded and generated 
from Am^- 

QUA) = ^l*{A)^A*iX) , n'^{A) = 0/-^®A*(X) (4) 

i=0 

The total grade of homogeneous elements [a]® a with [a] G /i* and a G A* is given by 

d{[a]0a) = d{[a]) + d{a) . 
The multiplication law in Q*jy{A) reads 

(H a) 0^ i[b] 0P) = (-1)^([^])^(")H[6] ® aP . (5) 
The differential do is given by 

doila] ®a) = d^[a] ®a + (-l)^f"l[a] dca . (6) 

^ It is indeed this result which allows our simplified treatment and the direct comparison between 
the two models (CL and MM), and it also gives a hint for the extension of the CL model 
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It is important to realize that (n^(^), ©i,, rf^,) depends in an essentiall way on the 
basic algebra A (and of course on H and D) and is uniquely determined once A is 
given. For the case A^ = C © C, the calculation was given in [0 . Here we present 
the explicit result for the case Am = 1H © C which corresponds to the CL model [1-3]. 
We consider only one generation of fermions. For the purpose of physics, we need to 
know only the spaces 7t{Q'') for k = 0, 1, 2. Thus we have to determine the projected 
ideals ti{J'^) for these three values of k. They are found to be (see also ||15|) 

AJ') = {^}. 7r(ji) = {0}, 7r(j2) = (C,,,©C)©A°(X) . 

Using 

we obtain, in an obvious notation, 

^1 = A = M^^k^ , 

Q}^ = (M°®A^) ® (M^®A°) , 

nl = (M°»A2)®(m1®A^)®(M2®A°)/(m2®A°) = (M%A2) ® (M^^A^) . 
The multiplication law can easily be derived for the case Q]^ x Q]^ —>■ Qf^: 

((M%Ai)®(M^®A°)) ©^ ((M°«Ai)®(M^»A°)) = (M%A=^)e(M^®Ai) . 
In particular it is important to note that 

(M^®A°) ©p (M^«A°) = . 
Similarly we obtain for the differential '■ ^^j, ^f,'- 

((M%Ai)®(M^®A°)) = (M°®dcA^)e(-M^®doA° + ci^M°®A^)e(c/^Mi®A°) . 

with 

rf^(M%Ai) = [r7,M>A^ and c/^ (m^«A°) = {r],M^}^A'^ , 
[, ] representing the commutator, {, } representing the anticommutator and 

Note that because of the multiplication law Qt^ we obtain {77, M^®A°}q^ = 0. 

The generalized potential (super-connection) A is a (skew hermitian) element of Q]y{A) 
and reads explicitly: 



A = i[ ' f 1 with Asui., = ^nA'^dx^ , = B^dx^ , (9) 



and $ the scalar field $ = 



The structure group is SU{2) x f/(l) given by the unitary part of Am- The field 
strength (super-curvature) is obtained from the structure equation 

= di,A + A A . 

A straightforward calculation, using the multiplication rule and the differential given 
above, leads to the result 

FcL = i[ _jy^ pB 1 with F = dcAsu(2) + ^sc/{2) A Asui2) , F"" = dcBuw 

and D$ = da^ + Asu,2,i^ + C)- - C) . (10) 

The Lagrangian L^l = —trF^^Fcj^ is given by 

From this it is obvious that the Higgs potential in the CL model with one generation 
of fermions (leptons) is trivial = . 

3. For the benefit of the reader but also in order to facilitate the comparison of the 
various models, we would like to give a very short review of some essential ingredients 
of the MM model [4-7] before starting with the extension of the CL model. 

The starting point of the MM model is the Z2-graded algebra f2^(X) obtained from 
the skew tensor product of the matrix algebra Cg^s and the algebra A*{X) of differential 
forms over the space-time X. The matrix algebra fi*f(^) = C3x3®A*(X) is taken Z2- 
graded with F = diag{l, 1,-1) as the grading automorphism. 

The matrix multiplication and generalized differential d' is, with an obvious change of 
notation and with a instead of [a], given formally as in eq. (^ and eq. (P) respectively. 
The matrix derivative dj^ in Cg^a is defined by its action on the even and odd part of 
and ai respectively 0], with r] given as in eq. (||) : 

dAiia) = [r],ao] + i{r],ai} . 

The structure of the algebra may be summarized by 

It should be understood that in the MM model no quotient space is present so that the 
(n*^) multiplication • and differential d' are induced straightforwardly from the tensor 
structure and of course are much simpler than in the CL model. It is important to 
realize that {^^.j, •, d') is not a differential algebra since d' is only a derivation and not 
a differential. It is interesting, however, to note that fl], = Q\, is valid. So we may 
start with the same gauge potential A as in eq. (^ in both cases. For the field strength 
we have in the MM model 

F,i = d'A + A • A . 
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The Lagrangian for the bosonic part is given by Q 

Lmm = Lc, - V* with V = 2($C + C$ + . 

In the MM model, we obtain a non trivial Higgs potential even with one generation of 
fermions in accordance with the standard model. This is an important difference with 
the CL model. 

4. With the above preparation we are in the position to formulate our new model 
in a precise and, as we hope, efficient way. The most important difference between the 
CL and the MM model is the importance of the basic algebra A. In the CL model, the 
entire construction relies on the algebra A. In addition, the algebra A has also direct 
phenomenological implications. Not only the determination of the relevant structure 
group SU{2) X f/(l) but also the determination of the relevant fermion representations 
and in particular the fermion quantum numbers are derived from the associative algebra 
A. In the CL model one uses the particular differential algebra Q*^{A) since one started 
with A = Am ® C°°{X). So it is this particular A which fixes the gauge potential A 
as an element in Q]y{A). In addition it is this A which determines completely the 
fermionic part of the Lagrangian including all phenomenological implications 

In the MM model, the starting point is a derivative algebra Q* which generalizes the 
algebra A*(X) 0. The gauge potential A is an element of Q^. We started with Cg^s 
for the construction of fi*^ only because the representation space of the Lie algebra 
of SU{2\1) is a C^. Here it is the super Lie algebra SU{2\1) only which leads to the 
phenomenological consequences. The result is that the MM model, as is well known 
0, even if it has the nice feature, among others, to explain e.g. spontaneous symmetry 
breaking and the Higgs effect in a geometrical way, has less predictive power in the 
fermionic sector and gives exactly the standard model. The CL model, because of the 
fundamental role played by the associative algebra A, seems to have more predictive 
power 1^. 

At this point, some comments are appropriate. The fundamental role played by an as- 
sociative algebra is a new aspect of the phenomenology in elementary particle physics. 
Usually Lie algebras are used for phenomenological implications because they corre- 
spond to infinitesimal symmetry transformations. Associative algebras are used math- 
ematically to define the corresponding Lie algebra by the use of commutators. Fur- 
thermore, it is well known that in current algebra, the commutator product which 
determines the Lie algebra is well defined whereas the associative product itself is not 
well defined (it may be infinite). Therefore it should be stated that the use of an 
associative algebra for the phenomenology is not at all a priori well justified from the 
physical point of view. It is an essential ingredient and an important and basic as- 
pect of the CL model which distinguishes this model from all other models within the 
framework of noncommutative geometry in elementary particle physics. 

^ This aspect is common also to other models within the noncommutative geometry approach M . 
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5. If we relax this fundamental role of the associative algebra A, we obtain a new 
class of models {N} which rely essentially only on the differential algebra {f^^} which 
contains also the algebra fl*^. We use A only as an instrument for the mathematical 
construction of the new differential algebra and for nothing more. We use fi]^ to 
determine the gauge potential A^^ and ©jv, cIm) to derive the field strength Fjv: 

F]^ = dffAff + y4jY Af^ 

The bosonic part of the Lagrangian is obtained by taking tr(F+Fjv). No specific 
predictions are made for the fermionic part. 

A natural extension of the CL model is obtained by taking a new differential algebra 

( fijv 5 ®JV ; '^JV ) 

which generalizes the expression eq. for 

fi^ is a skew tensor product of a differential matrix algebra (A/"*, d_^f) and the differential 
forms A*{X). It is formally fixed by the analogous expression which follows eq. (H). 
Index D is replaced by index and fJ'*{A) by A/"*. Since no specific restriction is made 
for A/"* the algebra fi^ in the CL model is a special case of the differential algebra Q*^. 

We choose now another special case of Q*^ which is very near to the spirit of the CL 
model. This will give the concrete new model we would like to discuss. We denote this 
special differential algebra by f2* and we have in an obvious notation, following eq. 
eq. (§: 

{ni,Qp,dp) with = A/f*©A*(X) . 

The matrix algebra A4* depends on Am, eq. (0), and eq. (|I]), and is given by 

M" = n'^^JA^) = 7r{n\AM))/n{j\AM)) . (11) 

We used the notation of eq. (H). It is obvious that in our model the division in tt{Q*) 
does not depend on the C°°{X) part of A. The division concerns only the matrix space 
Am we started with. We also choose here Am = 1H © C in order to obtain the right 
structure group SU{2) x U{1). This is the only reason for that choice and we do not 
fix anything else in the fermionic sector. 

Our next step is to determine the space fi* . For that purpose we proceed in a slightly 
different way than in the CL model (for the and we first determine the space A4*. 
The construction of fi* is obtained in a straightforward manner by the skew tensor 
product of M* and A*. 
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Using D^i as in eq. (P, and C as in eq. (j^), we obtain 



j for > 1 , n{n'''+\A^)) = '^^ j for > 



m 





and 

7^{j\Aj^)) = {Q} , n{j\Aj^)) = {Q} , n{j\Aj^)) = 

= T^{n\A^)) for A; > 3 . 

So we obtain from eq. (pJ]) 

The multiplication •jv, and the differential dj^ are given canonically by the quotient of 
t[{VL*{Am)) by 7r(j7'*(^Ai)) and we have in an obvious notation: 

H •ai [&] := [o^ and c^aiH = [-Dm, a] . 
The space (fi* , 0p, dp) is given by 

So we have explicitly for j = 0, 1, 2: 

Ql = A, Ql = (7W°»A^)e(A^i«A0) , _ (7U%A2)®(A^i®A1)®(X2^A°) . (12) 

It is interesting to note that fip = and fip = This allows to start with the 
same super-potential A as in the CL and MM model (see eq. (^) . The multiplication 
rule 0p and the differential dp are now different. The field strength in this model reads: 

Fp = dpA + AQpA . 



Using the results of eq. (|T^) we easily obtain in the notation of eq. (|T0| 

Fp = i 



F-" - {<^C + C$ + $$) 



-D^ F« - ($C + C$ + $$) J ■ 

This leads to the Lagrangian 

Lp = LcL - with ¥" = 2(^0 + 0^+^^)^ . 

It is obvious that this Lagrangian, in contrast to the Lcl, leads to spontaneous symme- 
try breaking even with one generation of fermions. It is also important to realize that 
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at this level, Lp is similar to the one in the MM model, although there the structure 
group was the group SU {2\1). 

6. We may now summarize our results. We have constructed a new model within 
the spirit of the Connes-Lott approach which gives precisely the standard model in 
elementary particle physics. It is directly formulated in Minkowski space-time. It 
contains none of the unusual aspects of the Connes-Lott model as e.g. the fixing of the 
gauge group and consequently the problem of the fixing of fermionic quantum numbers, 
the non-existence of spontaneous symmetry breaking in the case of one generation of 
fermions and perhaps the presence of some unusual couplings. 

Although formulated in the framework of a differential algebra {dpdp = 0), it is in- 
teresting to note that the bosonic sector of the proposed model is equivalent to the 
Marseille-Mainz model, which is based on an algebra with derivative only {d'd' ^ 0). 

We thank R. HauBling, W. Kalau, T. Schiicker, M. Walze, J.M. Warzecha for discus- 
sions and F. Scheck for reading the manuscript and discussions. 
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